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We introduce families of one-dimensional Lindblad equations describing open many-particle quan-
tum systems that are exactly solvable in the following sense: (i) the space of operators splits into
exponentially many (in system size) subspaces that are left invariant under the dissipative evolution;
(ii) the time evolution of the density matrix on each invariant subspace is described by an integrable
Hamiltonian. The prototypical example is the quantum version of the asymmetric simple exclusion
process (ASEP) which we analyze in some detail. We show that in each invariant subspace the
dynamics is described in terms of an integrable spin-1/2 XXZ Heisenberg chain with either open
or twisted boundary conditions. We further demonstrate that Lindbladians featuring integrable
operator-space fragmentation can be found in spin chains with arbitrary local physical dimension.
In many physical situations, a quantum system weakly
coupled to an environment can be described by a Lind-
blad master equation [1, 2]. This description is valid
within a Markovian approximation, where the internal
bath dynamics is assumed to be much faster than that
of the system itself [3]. The study of many-body Lind-
blad equations is generally quite difficult and even in
one spatial dimension the available tools are largely re-
stricted to perturbative [4, 5] and sophisticated numeri-
cal approaches [6–10]. A natural question is then whether
one can find exactly solvable Lindblad equations that can
give detailed, non-perturbative insights into representa-
tive cases, and provide reliable benchmarks for the devel-
opment of approximate methods. This question is also
highly relevant in light of the important role that exactly
solvable models have played in the recent efforts aimed at
understand non-equilibrium dynamics in isolated quan-
tum systems [11–16].
It has been known for some time that certain Lind-
blad equations can be cast in the form of imaginary-time
Schro¨dinger equations with non-Hermitian “Hamiltoni-
ans” that are quadratic in fermionic or bosonic field op-
erators [17]. This allows one to obtain exact results on
the dynamics of correlation functions [18–23] as well as
entanglement-related quantities [24, 25]. Furthermore, it
has also been realized that in some models, not necessar-
ily integrable, local correlation functions satisfy closed hi-
erarchies of equations of motion, provided that the Lind-
bladian satisfies certain conditions [26–32] (although in
these cases the full spectrum typically remains out of
reach). Very recently, further progress has been made
in this direction, with the discovery of Lindbladians that
can be mapped onto known Yang-Baxter interacting in-
tegrable models [33–42]. In particular, the approach put
forward in Refs. [33, 37] is based on a map between Lind-
blad equations and solvable “two-leg ladder” quantum
spin chains.
Here we highlight a different mechanism that allows us
to relate certain Lindbladians to known integrable mod-
els. The systems that we study are characterized by the
fact that the space of operators “fragments” into expo-
nentially (in system size) many subspaces that are left
invariant under the dissipative evolution. This is reminis-
cent of the fragmentation induced by dipole-conserving
Hamiltonians [43, 44], although in our case this mech-
anism pertains the space of operators, and not that of
states. For the Lindblad equations studied in this work,
the projection of the Liouvillian onto each invariant sub-
space is mapped onto an integrable Hamiltonian, thus
allowing us to obtain the full spectrum analytically. Our
construction is carried out for purely dissipative Liou-
villians, although it is possible to add certain coherent
terms without spoiling integrability.
We illustrate the above mechanism in a prototypical
example: the quantum version of the celebrated simple
asymmetric exclusion process (ASEP) [45–48]. The
classical ASEP is known to be integrable [49, 50] and
this has made it possible to obtain a host of exact
results, see e.g. [51–64]. This model can be obtained
as the averaged dynamics of the so-called quantum
ASEP [65], a stochastic quantum model of particles
hopping with random amplitudes first introduced in its
symmetric form in Ref. [66], see also Refs. [67–70]. In
this case, we show that the Liouvillian restricted to each
invariant subspace can be mapped onto a XXZ Heisen-
berg Hamiltonian with integrable boundary conditions.
We also show that a similar “integrable fragmentation”
can be found in spin chains with arbitrary local physical
dimension.
Operator-space fragmentation. We consider one-
dimensional qudit systems defined on the Hilbert space
H = H1 ⊗ · · · ⊗ HL, with Hj ' Cd. We denote a
basis of the local space Hj by |α〉dα=1, and set |α〉 =
|α1〉1 . . . |αL〉L. We study the Lindbladian dynamics of
the density matrix ρ(t) of the system defined by dρ/dt =
−i[H, ρ] +D[ρ] where
D[ρ]=
L∑
j=1
K∑
a=1
Ja
(
L
(a)
j ρL
(a)†
j −
1
2
{
L
(a)†
j L
(a)
j , ρ
})
, (1)
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2with Ja > 0, K ∈ N, and where periodic boundary con-
ditions are assumed. In the following, we focus on jump
operators L
(a)
j acting on up to two neighboring sites.
We employ a superoperator formalism [71], according
to which the density matrix can be viewed as a state
in a d2L-dimensional Hilbert space H ⊗ H, with basis
elements |α〉|β〉 = |α1〉1 . . . |αL〉L|β1〉〉1 . . . |βL〉〉L. Given
any operator O = ∑α,β Oα,β |α〉〈β| we have the nat-
ural mapping O 7→ |O〉 = ∑α,β Oα,β |α〉|β〉. In this
formalism, the Lindblad equation can be cast in the
form d|ρ〉/dt = L|ρ〉 where we introduced the Liouvil-
lian L = −iH + iH¯ +∑Lj=1Dj , and
Dj=
K∑
a=1
Ja
[
L
(a)
j L
(a)†
j −
1
2
(
L
(a)†
j L
(a)
j +L
(a)†
j L
(a)
j
)]
. (2)
Here we have employed the notation O = O ⊗ 1 , while
we defined O¯ = 1 ⊗OT , with 〈〈α|OT |β〉〉 = 〈β|O|α〉.
In the following we assume H ≡ 0 (see however [72]
for a discussion of simple Hamiltonian terms that can be
added without spoiling integrability). For each site j, we
take r < d2 rank-1 projectors Pαj , with α = 1, . . . , r, sat-
isfying Pαj Pβj = δα,βPαj , and define P0j = 1 j−
∑r
α=1 Pαj .
Now, suppose [L,Pαj ] = 0 for all α, j. Since [Pαj ,Pβk ] = 0,
the space H ⊗ H can be decomposed as a direct sum
of simultaneous eigenspaces Kα of the projection op-
erators Pαj . These subspaces are labeled by vectors
α = {α1 , . . . , αL}, specifying that Kα is associated with
the projector Pα11 · · · PαLL . We note that by construction
Kα are left invariant under the action of the Liouvillian,
and their number grows exponentially with the size L.
Consider a subspace such that αj 6= 0 for j ∈
{`1, . . . `q}, and αj = 0 otherwise. Then, the Liouvillian
restricted to Kα can be expressed as
L∣∣Kα = q∑
j=0
Lα`j ,α`j+1[`j ,`j+1] , (3)
with `0 = `q and `q+1 = `1. Here, we have defined
Lα,β[m,n]=PαmP0m+1DmPαmP0m+1+P0n−1PβnDn−1P0n−1Pβn
+
n−1∑
j=m+1
P0j,j+1DjP0j,j+1 , |m− n| > 1 , (4)
and Lα,β[m,m+1] = PαmPβm+1DmPαmPβm+1, where
P0j,j+1 = P0jP0j+1, and Dj is given in Eq. (2). Our
observation is that there exist simple families of jump
operators L
(a)
j such that the action of Lα,β[m,n] coincides
with that of an integrable Hamiltonian with appropriate
boundary terms. When this happens, the full spectrum
of the Liouvillian can be obtained analytically, by an-
alyzing each invariant sector individually. Importantly,
we stress that Lα,β[m,n] acts on a space where the effective
local dimension is not necessarily the square of an integer
number, allowing for a mapping to different integrable
systems with respect to those found in Refs. [33, 37].
The ASEP Lindbladian. As a concrete example,
we consider the fully dissipative Liouvillian defined by
Eq. (2), with d = K = 2, and
L
(1)
j = σ
+
j σ
−
j+1, L
(2)
j = σ
−
j σ
+
j+1 . (5)
Here σ± = (σx ± σy)/2, and σα are the Pauli matri-
ces. This Lindbladian admits an equivalent representa-
tion in terms of spinless fermionic operators via a stan-
dard Jordan-Wigner mapping [73], and in this formu-
lation it can be obtained after averaging over the bath
degrees of freedom in the “quantum ASEP” studied in
Refs. [65–69]. It was already pointed out in these works
that the above Lindblad equation reduces to the classical
ASEP in the subspace of density matrices that are diag-
onal in the position basis introduced above [74]. When
combined with the known mapping between the classical
ASEP and the quantum XXZ Heisenberg chain [49, 50]
this gives us the integrability of the Liouvillian restricted
to this subspace. In the following, we establish a stronger
statement, namely we show that the full spectrum of the
Liouvillian can be obtained analytically, as a result of the
operator-space fragmentation.
It is convenient to order the basis elements generat-
ing the local Hilbert space Hj ⊗ Hj as |e1〉 = |1〉 ⊗ |1〉〉,
|e2〉 = |2〉 ⊗ |1〉〉, |e3〉 = |1〉 ⊗ |2〉〉, |e4〉 = |2〉 ⊗ |2〉〉 and
define, accordingly, the operators Eα,β by their action
Eα,β |eγ〉 = δβ,γ |eα〉. With these notations, it is straight-
forward to see that L commutes with P1j = E2,2j and
P2j = E3,3j , so that P0j is the projector onto the subspace
spanned by |α〉j |α〉〉j
Following the general discussion given before, we focus
on the Liouvillian restricted to different subspaces Kα.
Let us first consider the case where αj = 0, for all j. The
Liouvillian restricted to Kα acts on the tensor product
of 2-dimensional local spaces, which are spanned by the
states |e1〉j , |e4〉j . Choosing this basis for each site the
restricted Liouvillian can be rewritten as [72]
LASEP =
L∑
j=1
[
J1σ
+
j σ
−
j+1 + J2σ
−
j σ
+
j+1
+
J1 + J2
4
(
σzjσ
z
j+1 − 1
)]
. (6)
This is precisely the evolution operator of the clas-
sical ASEP with periodic boundary conditions, which
is known to be integrable [49, 50]. Applying a lo-
cal similarity transformation S =
∏
j Sj , with S =
diag(1,
√
J1/J2), LASEP can be mapped to a spin-1/2
Heisenberg Hamiltonian with twisted boundary condi-
tions [72]. The Liouvillian (6) describes time evolution
of quantum states that are by construction unentangled.
When αj 6= 0 for some j ∈ {`1, . . . , `q}, instead, the Li-
ouvillian can be decomposed as in Eq. (3). If |`j−`k| ≤ 3,
3the projected Liouvillian is simply a constant [72]. Oth-
erwise, we find
Lα,β[m,n] = 1m ⊗ L˜[m+1,n−1] ⊗ 1 n , (7)
where S−1L˜[m,n]S = J (−HXXZ[m,n] − 2∆) and
HXXZ[m,n] =−
n−1∑
j=m
[
σxj σ
x
j+1+σ
y
j σ
y
j+1+∆
(
σzjσ
z
j+1−1
)]
. (8)
Here we have defined J = √J1J2/2, Q =
√
J1/J2 and
∆ = (Q + Q−1)/2. The Liouvillians Lα,β[m,n] are required
in order to describe time evolution of quantum states
with non-vanishing entanglement. The operators (6),
(8) are integrable, corresponding to the XXZ Heisenberg
chain with diagonal twisted [75, 76] and open [77]
boundary conditions, respectively.
The exact spectrum. Let us first consider the case
where αj = 0 for all j, corresponding to Eq. (6). It is
easy to see that the ground-state energy is EGS = 0,
with degeneracy L + 1. The associated eigenspace is
spanned by |gsM 〉, M = 0, 1, . . . L, where |gsM 〉 is the
equal-weight superposition of all spin configurations in
the sector of M “down spins”. We note that |gsM 〉 cor-
responds to the projection of the non-equilibrium steady
state ρNESS = 1 /2
L onto a given magnetization sector.
It is worth mentioning that, although ρNESS is formally
an infinite-temperature state, it features a non-vanishing
expectation value of the spin current, whose density Jzj
is defined by tr(ρ˙(t)σzj ) = −tr[ρ(t)(Jzj+1 − Jzj )].
One can study the full spectrum of LASEP (and the
associated eigenstates) via a standard application of the
Bethe Ansatz formalism. In fact, a detailed analysis has
been already reported in Ref. [50], in the context of the
classical ASEP, where it was shown that the Hamiltonian
features a spectral gap vanishing as L−3/2. In the follow-
ing, we sketch how an exact analysis can be carried out
also for the spectrum of all other projected Liouvillians.
Let us then consider the case where αj 6= 0 for some j.
We immediately see that, since HXXZ[m,n] ≥ 0, the eigenval-
ues λk of L˜[m,n] in Eq. (7) are bounded by
λk ≤ −(J1 + J2)/2 , (9)
where the bound is strict, since the smallest eigenvalue
of HXXZ[m,n] is E
0
GS = 0 (corresponding to the two saturated
ferromagnetic states). This means that the long-time
limit of the Lindbladian evolution is dominated by the
subspace of locally-diagonal density matrices, contain-
ing all the “soft modes” of the dynamics. Once again,
the full spectrum of HXXZ[m,n] can be obtained using the
Bethe Ansatz formalism [77]. According to the latter,
each eigenstate is associated with a set of quasi-momenta
{λj}Mj=1, satisfying the set of quantization conditions
[S1(λj)]
2`
f (λj) =
∏
k 6=j
S2 (λj − λk)S2 (λj + λk) , (10)
where ` = n−m+ 1 is the length of the open chain, and
f(x)=
cos2 (x− iη/2)
cos2 (x+ iη/2)
, Sn (x)=
sin (x+ inη/2)
sin (x− inη/2) , (11)
with η = arccosh(∆). The associated energy eigen-
value is then E
[{λj}Mj=1] = ∑Mj=1 ε(λj), where ε(x) =
4 sinh2(η)/[cosh η − cos(2x)].
One can explicitly identify the eigenstate associated
with the lowest-energy eigenvalue EMGS in each magnetiza-
tion sector, by following the derivation in Ref. [78], where
the analogous problem for periodic boundary conditions
was considered. We report this analysis for M = `/2
“down spins” (assuming ` to be even). By numeri-
cally solving the Bethe Ansatz equations for small sys-
tems we find that the smallest eigenvalue in this sec-
tor corresponds to a maximal string with real part pi/2,
namely to a solution of the Bethe equations of the form
λj =
pi
2 + i(2j − 1)γ2 + δj , j = 1, . . . ,M , where δj are
deviations from a “perfect string”. The ground state is
doubly degenerate in the thermodynamic limit, and at fi-
nite size the exponentially close ground states correspond
to different values of the deviations δj . Assuming δj to
vanish as ` → ∞, and repeating the steps reported in
Ref. [78], one finds
E
`/2
GS = 2
√
∆2 − 1 +O(e−a`) , (12)
where a > 0 is a constant (which depends on ∆). Note
that, as in the case of periodic boundary conditions,
low-lying excitations are separated by a finite gap from
EMGS. A careful analysis of the deviations δj for large
systems, and the identification of solutions correspond-
ing to higher “excited states” are of interest in particular
in light of the complications that are known to arise for
∆ = 1 [79, 80], but are beyond the scope of this work.
Due to Eq. (9), we see that the invariant subspaces
are organized in hierarchies of decreasing energy. In-
deed, given α, we can identify the subset {α`j} such
that α`j 6= 0, and as long as |`j − `j+1| > 1, the
Liouvillian restricted to the corresponding invariant
subspace lowers the ground-state energy by an amount
−(J1 + J2)/2. If |`j − `j+1| = 1 for all j, then we
have a completely fragmented space (αj 6= 0 for all
j), and a dedicated analysis is needed [72]. In this
case, any product state is fixed under the Lindbladian
evolution, and thus corresponds to an eigenstate of
the Liouvillian. The associated eigenvalue is always
bounded by −(J1 + J2)/2, except for the two special
states |e2〉 = |e2〉⊗L and |e3〉 = |e3〉⊗L that are an-
nihilated by L, making its ground-state degeneracy L+3.
Dissipative dynamics. Any initial density matrix
can be decomposed as |ρ(0)〉 = ∑α ραα|α〉|α〉〉 +∑
β 6=α ραβ|α〉|β〉〉. Due to Eq. (9), we have that, up to
terms that are exponentially small in time,
|ρ(t)〉=
∑
α
ρααe
LASEPt|α〉|α〉〉+O(e−(J1+J2)t/2) , (13)
4and the late-time behavior is therefore fully determined
by the classical ASEP. Here we have neglected the sub-
space associated with the fixed points |e2〉, |e3〉, which
is expected to yield contributions that are exponentially
small in the system size L. On the other hand, for “quan-
tum” operators that have no analogues in the classical
ASEP the dynamics takes place entirely in subspaces that
are orthogonal to that spanned by |α〉|α〉〉. In order to
illustrate this, we consider the transverse spin-spin cor-
relation function
S+−1,` (t) = Tr
[
ρ(t)σ+1 σ
−
`
]
. (14)
In the superoperator formalism, this can be rewritten as
S+−1,` (t) =
〈
φ
∣∣E121 E43` ∣∣ ρ(t)〉, where 〈φ| = (〈e1|+〈e4|)⊗L.
This shows that this two-point function is only sensitive
to the invariant subspace corresponding to α1 = 1, α` =
2 and αj = 0 otherwise. Assuming for simplicity ` ≥ 3,
this leads to
S+−1,` (t) =
∑
a,b
ρ0 (a, b) 〈φ[2,`−1]|eL˜[2,`−1]t|a〉
× 〈φ[`+1,L]|eL˜[`+1,L]t|b〉 , (15)
where we have defined 〈φ[m,n]| = ⊗nj=m(〈e1|j + 〈e4|j),
|a〉 = |ea1〉|ea2〉 · · · |ea`−2〉, |b〉 = |eb1〉 · · · |ebL−`〉, for
aj , bj = 1, 4 and ρ0(a, b) = 〈a′|〈b′|ρ(0)〉, where |a′〉 =
|e2〉|a〉, |b′〉 = |e3〉|b〉. Eq. (15) reduces the problem of
calculating the transverse spin-spin correlator to comput-
ing 〈φ[m,n]|eL˜[m,n]t|a〉. This is still non-trivial because
〈φ[m,n]| is not an eigenstate of L˜[m,n], due to the bound-
ary terms. A simplification occurs in the isotropic limit
J1 = J2, where 〈φ[m,n]| becomes a left eigenstate of L˜[m,n]
with eigenvalue −J . Hence we have
S+−1,` (t) = e
−2JtS+−1,` (0) . (16)
We note that this result could be obtained in a direct
way from the equations of motion for σ+1 σ
−
` , which for
J1 = J2 become linear. For J1 6= J2 the calculation
of 〈φ[m,n]|eL˜[m,n]t|a〉 is an open question, but we note
that similar quantities have been recently determined
in problems of real- and imaginary-time evolution from
simple product states [81–83].
Higher spin generalizations. Lindbladians featuring
similar types of fragmentation can be constructed also
for higher local dimension. We consider a Hilbert space
H = H1⊗ · · ·⊗HL, with Hj ' CN and a purely dissipa-
tive Lindblad equation of the form ρ˙ = −∑j Dj(ρ), with
Dj as in Eq. (2). We choose K = N2, Ja = 1, and jump
operators [84]
L
(α,β)
j = E
α,β
j E
β,α
j+1 , α, β = 1 , . . . , N . (17)
Here, Eα,β is the operator with matrix elements
(Eα,β)α′,β′ = δα,α′δβ,β′ . In the superoperator formal-
ism, it is readily seen [72] that L = L′ − L1 , where L′
commutes with the d(d − 1) rank-1 projectors P(α,β)j =
Eα,αj ⊗ Eβ,βj for α 6= β, α, β = 1, . . . , d, so that P0j =
1 j−
∑
α 6=β P(α,β)j projects onto the subspace spanned by
the “diagonal” states |eα〉j = |α〉j ⊗ |α〉〉j , α = 1 , . . . , N .
This implies that the Hilbert space H⊗H splits into ex-
ponentially many invariant subspaces Kα. We start by
analyzing the one corresponding to αj = 0 for all j. In
this case the local physical dimension is N and choosing
the local diagonal basis introduced above, the projection
of L′ can be rewritten as [72]
L′∣∣
α=0
=
L∑
j=1
Πj,j+1 , (18)
where Πj,j+1 is the operator swapping neighboring sites.
We see that L′∣∣
α=0
is indeed integrable, as its action
coincides with that of the SU(N)-invariant Sutherland
model, first solved in Ref. [85]. Next, we consider the
generic case where αj 6= 0 for some j ∈ {`1, . . . , `q}. If
|`j−`k| ≤ 3, the projection of L′ vanishes [72]; otherwise,
we have the factorization (7) with
L˜[m,n] =
n−1∑
j=m
Πj,j+1 . (19)
This is the SU(N)-invariant chain with diagonal bound-
ary conditions, which is once again integrable [86–88]
and, as a result, the full spectrum can be analyzed
analytically via the Bethe Ansatz. We mention that,
although here we have focused on Ja = 1 for all a, we
expect that one could also choose Ja such that each
projected Liouvillian is mapped onto an integrable
deformation of the isotropic Sutherland model.
Conclusions. We have studied families of Lindbladians
that can be mapped onto known Yang-Baxter integrable
models. These systems are characterized by a fragmen-
tation of the operator space into exponentially many
invariant subspaces, where the projected Liouvillian acts
as an integrable Hamiltonian. We have worked out in
detail the case of the quantum ASEP Lindbladian [65],
and exhibited explicit further examples in arbitrary
local dimension. Our study raises several questions.
Most prominently, one could wonder what are the
consequences of the operator-space fragmentation and
integrability beyond correlation functions. For instance,
it would be particularly interesting to investigate the
dynamics of entanglement-related quantities [25]. Here,
the block diagonal structure of the evolved density
matrix gives us a promising starting point for the study
of the entanglement negativity [89]. We note that, while
using Eq. (9) the latter can be seen to be proportional
to e−(J1+J2)t/2 at late times, its short-time dynamics is
expected to be non-trivial. We plan to come back to
these questions in future research.
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SUPPLEMENTARY MATERIAL
Here we present all the calculations leading to the results reported in the main text.
The ASEP Lindbladian
We consider the Liouvillian defined by Eq. (2). As in the main text, we define the operators Eα,β by their action
Eα,β |eγ〉 = δβ,γ |eα〉. Explicitly, we have
E14j = σ
+
j ⊗ σ+j , E41j = σ−j ⊗ σ−j , (20)
E11j =
1 + σzj
2
⊗ 1 + σ
z
j
2
, E22j =
1 − σzj
2
⊗ 1 + σ
z
j
2
, (21)
E33j =
1 + σzj
2
⊗ 1 − σ
z
j
2
, E44j =
1 − σzj
2
⊗ 1 − σ
z
j
2
. (22)
With these notations, the Liouvillian superoperator reads
L =
L∑
j=1
[
J1E
14
j E
41
j+1 + J2E
41
j E
14
j+1 − J1E44j E11j+1 − J2E11j E44j+1
]− 1
2
L∑
j=1
(J1 + J2)
(
E22j E
33
j+1 + E
33
j E
22
j+1
)
− 1
2
L∑
j=1
[(
E22j + E
33
j
) (
J1E
11
j+1 + J2E
44
j+1
)
+
(
E22j+1 + E
33
j+1
) (
J2E
11
j + J1E
44
j
)]
. (23)
We see that L commutes with P1j = E2,2j , P2j = E3,3j , so that P0j = 1 j − (P1j +P2j ) is the projector onto the subspace
associated with density matrices that are diagonal at site j. We now proceed to analyze the Liouvillian restricted to
the different subspaces Kα, defined in the main text.
Let us first consider the case where αj = 0, for all j, corresponding to the subspace of locally-diagonal density
matrices. The Liouvillian restricted to Kα acts on the tensor product of 2-dimensional local spaces, which are
spanned by the states |e1〉j , |e4〉j . Choosing this basis for all sites, we can rewrite the projected Liouvillian as
LASEP =
L∑
j=1
[
J1σ
+
j σ
−
j+1 + J2σ
−
j σ
+
j+1 − J1
(
1 − σzj
)
2
(
1 + σzj+1
)
2
− J2
(
1 + σzj
) (
1 − σzj+1
)
2
]
. (24)
7In the general case, instead, αj 6= 0 for j ∈ {`1, . . . , `q}, and the Liouvillian can be decomposed as in Eq. (3). Suppose
first that |`k − `k+1| ≥ 3. In this case, it is straightforward to write
Lα,β[m,n] = 1m ⊗ L˜[m+1,n−1] ⊗ 1 n , (25)
where
L˜[m,n] =
n−1∑
j=m
[
J1σ
+
j σ
−
j+1 + J2σ
−
j σ
+
j+1 − J1
(
1 − σzj
)
2
(
1 + σzj+1
)
2
− J2
(
1 + σzj
) (
1 − σzj+1
)
2
]
+
(J2 − J1)
4
(σzm − σzn)−
(J1 + J2)
2
. (26)
Note that L˜[m,n] does not depend on α and β. As stated in the main text, we can map these Liouvillians onto XXZ
Heisenberg Hamiltonians, by considering the similarity transformation
S =
L∏
j=1
Sj , Sj =
(
1 0
0 Qj−1
)
j
, (27)
where Q =
√
J1/J2. Applying this to both Eqs. (24) and (26), we finally obtain
S−1LASEPS =
√
J1J2
2
L−1∑
j=1
[
σxj σ
x
j+1 + σ
y
j σ
y
j+1 + ∆
(
σzjσ
z
j+1 − 1
)]
+
√
J1J2
2
[
2
(
QLσ+Lσ
−
1 +Q
−Lσ−Lσ
+
1
)
+ ∆ (σzLσ
z
1 − 1)
]
, (28)
and
S−1L˜[m,n]S =
√
J1J2
2
{
−HXXZ[m,n] − 2∆
}
, (29)
where
HXXZ[m,n] = −
n−1∑
j=m
[
σxj σ
x
j+1 + σ
y
j σ
y
j+1 + ∆
(
σzjσ
z
j+1 − 1
)]
, (30)
and
∆ =
Q+Q−1
2
=
J1 + J2
2
√
J1J2
. (31)
We are now left to consider the two special cases Lα,β[m,m+1] and Lα,β[m,m+2]. A simple calculation shows that in both
cases the restricted Liouvillian is proportional to the identity. Specifically, we find
L1,1[m,m+1] = L2,2[m,m+1] = 0 , L1,2[m,m+1] = L2,1[m,m+1] = −
J1 + J2
2
, (32)
and
Lα,β[m,m+2] = −
J1 + J2
2
. (33)
Adding a coherent Hamiltonian term
As we have mentioned in the main text, we can add a coherent term to the Lindbladian without spoiling integrability.
It is easy to see that, for the quantum ASEP, any Hamiltonian whose action preserves the invariant subspaces (namely,
8that is written entirely in terms of Pauli matrices σzj ) also preserves integrability. The most general nearest-neighbor
Hamiltonian of this form is
H =
L∑
j=1
J ′σzjσ
z
j+1 + hσ
z
j , (34)
yielding the following additional term to the Liouvillian
i(H − H¯) = 2i
L∑
j=1
[
J ′
(
E11j − E44j
) (
E22j+1 − E33j+1
)
+
(
E22j − E33j
) (
E11j+1 − E44j+1
)
+ h
(
E22j − E33j
)]
. (35)
In turn, it is straightforward to see that the projection of this operator onto each invariant subspace results in diagonal
boundary terms, thus preserving integrability.
Higher spin generalizations
We consider a Hilbert space H = H1 ⊗ · · · ⊗ HL, with Hj ' CN and a purely dissipative Lindblad equation of the
form ρ˙ = −D(ρ), with
D(ρ) =
L∑
j=1
N∑
α,β=1
[
L
(α,β)
j ρ(t)L
(α,β)†
j −
1
2
{
L
(α,β)†
j L
(α,β)
j , ρ(t)
}]
, (36)
where
L
(α,β)
j = E
α,β
j E
β,α
j+1 . (37)
Here, Eα,β is the operator with matrix elements (Eα,β)α′,β′ = δα,α′δβ,β′ . The Liouvillian superoperator reads
L =
L∑
j=1
N∑
α,β=1
[(
Eα,βj ⊗ Eα,βj
)(
Eβ,αj+1 ⊗ Eβ,αj+1
)
− 1
2
(
Eβ,βj E
α,α
j+1 ⊗ 1 + 1 ⊗ Eα,αj Eβ,βj+1
)]
=
L∑
j=1
 N∑
α,β=1
(
Eα,βj ⊗ Eα,βj
)(
Eβ,αj+1 ⊗ Eβ,αj+1
)
− 1
 =: L′ − L1 , (38)
where we used
∑N
α=1E
α,α
j = 1 . In the superoperator formalism, it is readily seen that the Liouvillian L′ (and hence
L) commutes with the d(d− 1) rank-1 projectors
P(α,β)j = Eα,αj ⊗ Eβ,βj , α 6= β, α, β = 1, . . . d , (39)
so that
P0j = 1 j −
∑
α6=β
P(α,β)j =
N∑
α=1
Eα,αj ⊗ Eα,αj , (40)
is a projector onto the subspace spanned by the states
|eα〉 = |α〉 ⊗ |α〉〉 , α = 1 , . . . , N . (41)
This implies that the Hilbert space H⊗H splits into exponentially many invariant subspaces Kα.
We start by analyzing the subspace corresponding to αj = 0 for all j. First, it is straightforward to show that the
local terms in the Liouvillian L′ act as swap operators, when applied to the states (41). Explicitly, we have
N∑
α,β=1
(
Eα,βj ⊗ Eα,βj
)(
Eβ,αj+1 ⊗ Eβ,αj+1
)
|eγ〉j |eδ〉j+1 = |eδ〉j ⊗ |eγ〉j = Πj,j+1|eγ〉j |eδ〉j+1 , (42)
9where Πj,j+1 is the operator permuting sites j and j + 1. Thus, we simply obtain
L′∣∣
α=0
=
L∑
j=1
Πj,j+1 , (43)
which is Eq. (18) in the main text. Next, suppose αj 6= 0 for j ∈ {`1, . . . , `q}. Then, the Liouvillian L′ can be
decomposed as in Eq. (3). First, we consider |`k − `k+1| ≥ 3. In this case, we see that the factorization condition (7)
holds, with
L˜[m,n] =
n−1∑
j=m
 N∑
α,β=1
(
Eα,βj ⊗ Eα,βj
)(
Eβ,αj+1 ⊗ Eβ,αj+1
) . (44)
Choosing the diagonal basis (41), and making use of Eq. (42), we obtain Eq. (19). Finally, when |`j − `j+1| ≤ 3, it is
easy to show that the projection of L′ is vanishing.
